Numerical

solutions of
partial

differential
equations

Learning outcomes

When you have completed this Programme you will be able to:

Derive the finite difference formulas for the first partial derivatives
of a function of two real variables and construct the central finite
difference formula to represent a first-order partial differential
equation

Draw a rectangular grid of points overlaid on the domain of a
function of two real variables and evaluate the function at the
boundary grid points

Construct the computational molecule for a first-order partial
differential equation in two real variables and use the molecule to
evaluate the solutions to the equation at the grid points interior to
the boundary

Describe the solution as a set of simultaneous linear equations and
use matrices to represent them

Invert the coefficient matrix and thereby represent the solution to
the partial differential equation as a column matrix

Take account of a boundary condition in the form of the derivative
normal to the boundary

Obtain the central finite difference formulas for the second
derivatives of a function of two real variables and construct finite
difference formulas for second-order partial differential equations
Use the forward difference formula for the first time derivatives in
partial differential equations involving time and distance

Use the Crank-Nicolson procedure for a partial differential
equation involving a first time derivative

Appreciate the use of dimensional analysis in the conversion of a
partial differential equation modelling a physical system into a
dimensionless equation
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Introduction

The numerical solution of partial differential equations is a large
subject and can form the content of a course in itself. Here we shall
just introduce the subject by considering the basic methods of solving
some first- and second-order partial differential equations that involve
functions of two real variables. The approach that is used is to
construct finite difference formulas for the first and second partial
derivatives and then to construct a finite difference formula that
represents an approximation to the differential equation. However,
before we move into the realm of functions of two real variables we
shall derive the finite difference formulas for the ordinary first
derivative of a function of a single real variable.

Next frame

Numerical approximation to
derivatives

A function of one real variable f(x) has the Taylor series expansion

3
Foe+ ) = F(0 + P GO+ G0 + 2 )+

and, equally, replacing h by—h

2 3
FO—h) = FG0) — B ) + 30 /) ~ P00 + .

From the first equation we can see that by dividing through by h, we
have

B 2
ﬂ’i’%_fi"_) =) +%f”(x) + %fﬂ/(") te

and from the second equation
f(X‘h)—f(X)_ t h " hz "
A ey S CO R TV AL €O Rt vy A CO R
If we now neglect terms of the order two and higher we see that

1) w LXMW =F®)  [this is the forward difference formula for
')
h the first derivative of f(x)]

and

F(x) ~ [®)—f&X=h)  [this is the backward difference formula for
h the first derivative of f(x)]
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and both of these are accurate up to terms of order two. A more
accurate estimate of the derivative can be obtained by subtracting the
two Taylor series expansions from each other to get

ffX)~............ neglecting terms of the orderof ............

fl(x) ~ f(x + h)z;,lf(x _ h)

neglecting terms of the order two and higher

Because

2 3
Fox+ ) = Fx=1) = (£ + 170+ 5100 + 5700+ )
2 3
- (Foo - + G =G+ )

- Z<hf’(x) + ';—T F(x) + .. )

and so

— _ 2
f(x+h)2hf(x h) :f/(x) +%flﬂ(x) +...

giving

fray  FEE) =P 1)

neglecting terms of the order two and higher.

The derivative at x is given as the difference between the two
values either side of f{x) divided by 2h.

This is called the central difference formula for the derivative of f(x) and
because it is the most accurate of the three for small A, it is the one that
we shall use in the remainder of the Programme.

Now we need to look at the second derivative. By adding the first
two Taylor series expansions in Frame 2 we find that

ffx)=~..coooon... neglecting terms of the order ............
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fl/(x) %f(x+h)—-2’;l(zx)+f(x_h)

neglecting terms of the order two and higher

Because

2 3
fx+h)+f(x—h)= (f(x) + hf'(x) + %—f”(x) + %f’”(x) +.. )
2 3
+(Fo0 - mrn + 300 - S+
2 4
= Z(f(x) +%f”(x) +%f“(x) +.. )

4 .
=2f(x) + F2f"(x) + ;l—zf“'(x) +...

and so

— — 2
PR Z2W 1O _ oy Iy ..

Therefore

(%) ~ fx+h) —2f(x) +f(x—h) neglecting terms of the order
h2 two and higher

This is the central difference formula for the second derivative and, as
you see, it possesses the same level of accuracy as the central difference
formula for the first derivative.




Numerical solutions of partial differential equations 521

Functions of two real variables

A function of two real variables f(x, y) is graphically represented as a
surface in three-dimensional space.

Axy)

f(xo, Yo)

\W (xo, Yo, f(xo, y0)) i ’

(%o Yo)

\

If f(x, y) is single-valued, then to every domain point (x, y) there
corresponds a single range point f(x, y) and hence a single surface
point (x, y, f(x, y)). If we know the exact form of f(x, y) then we can
compute its value at any domain point (x, y) selected at random. If we
do not know the exact form of f(x, y) but we do know that it satisfies a
given differential equation then to evaluate f(x, y) numerically we
have to be more systematic. What we do is to lay a rectangular grid
over the domain and evaluate f(x, y) at the grid points — the points of
intersection of the lines parallel with the x-axis and the lines parallel
with the y-axis.

y

a
/| -\




522 Programme 13

In this Programme we shall be considering functions of two real
variables that satisfy given differential equations and whose domains
are restricted to being rectangular. This restriction avoids many of the
problems that occur with arbitrary domain shapes where the grid lines
can cross the domain boundary.

Grid values

The rectangular domain of the function is overlaid by a grid whose
mesh size is of h units in the x direction and k units in the y direction.
We shall denote the value of f(x, y) at the ijth grid point as

fij = f(ih, jk)

The values of the expression f(x, y) are required to be found at the grid
points as shown:

ficrjrr fijr1 firtjnt
fi-ij  fii f
i-1,j-1 fij-1 firj-1

Notice as you move along the jth row of this table that the value of y is
constant at y; = yp + jk for all points on that row. Similarly, as you
move up and down the ith column that the value of x is constant at
x; = Xg + ih for all points in that column. These facts now enable us to
define the central difference formulas for the partial derivatives of
fx, )

The first partial derivative of f(x, y) with respect to the variable x is
obtained by differentiating f(x, y) with respect to x whilst keeping the
value of the variable y constant. Therefore, as with the ordinary
derivative

f(x,y) is equal to the difference between the two adjacent values of
" Ox , f(x, y) in the x-direction divided by twice the mesh size in
" the x-direction.

That is

of (%, y) _ fir1,j — fi-1,j

ox i 2h

This is the central difference formula for the partial derivative with
respect to x. Similarly, the central difference formula for the partial
derivative with respect to y is
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f % y)| _ fijr1 —fij1

dy Iij 2k

Because

f(x, y) is equal to the difference between the two adjacent values of

oy |y f(x, y) in the y-direction divided by twice the mesh size in

" the y-direction.

That is

of %, y)| _ fis1 —fij1

9 2k

Let’s try an example so that we can put all this information together.
Example 1
Find the solution to Baf(a); y)_43fg;y)20’ for 0<x<1 and
0 <y <1 given that the boundary conditions are

f(x,0)=4x+4

fix,1)=4x+7
fO,y)=3y+4
f(Ly)=3y+8
for a mesh of size 1/4 in the x-direction and of size 1/3 in the

y-direction.
Next frame

The first thing we must do is to make a reasonable drawing of the
domain of the function with the grid overlaid. The domain of f(x, y) is
the square of side length 1 as shown in the diagram.

y
1 ®) ©) (10) an
©) 213 A B < (10)
()3 E g £ ®
0 1 A 1 /> 3/ 4 1 X
(0)) ) (6) %) ®)
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Overlaid on the function domain in the x—y plane is a mesh of grid
points. The values of f(x, y) that we can compute directly from the
boundary conditions are shown in brackets. For example, from
f(x, 0) =4x + 4 we obtain f(1/4,0)=35, f(1/2,0)=6, f(3/4,0)=7
and f(1,0)=8. From f(1,y)=3y+8 we obtain f(1,0)=38,
f(1,1/3)=9, f(1,2/3) =10 and f(1, 1) = 11. Notice that the value
found at f(1, 0) = 8 using f(x, 0) =4x + 4 is the same as the value
found using f(1, y) = 3y + 8, as of course it must be. The values of
f(x, y) that we have to determine are labelled A to F.

The second part of the procedure is to find the central difference
formula that describes the differential equation:

We have oy _ firrj — firsj = 2(fiy1,j — fi-1,j) because h =1/4
ox |y 2h ’

fx )| _fin Z-kfi,i—l —15(f,ju1 — fij_1) because k — 1/3

oy |y
Therefore
3 fxy) 46f(x, Y) =0 becomes ............
ox
6(fis1,s = fi-1,)) = 6(fijer ~fij-1) =0
Because

3 o xy) _ 4 o (g}', Y) =0 evaluated at the ijth grid point is

ox
Y| _ ey _,
ox Iij oy Iij
which is

3 x Z(ﬁ.,.l,,' — ﬁ;l’,‘) —4 x 1‘5(ﬁ,i+1 - ﬁ,i—l) =0, that is
6(fi+1,j — fi-1,7) — 6(fij+1 — fij-1) =0




Numerical solutions of partial differential equations 525

Computational molecules

The value of the first derivative with respect to x at the point (x;, y;) on
the grid overlaying the function domain is found by evaluating the
right-hand side of the equation

Of % )| _farj—firj_ —firj+fin,j
x|, 2h 2h

L

and this process is repeated for every grid point in the function
domain. We can construct a graphic template to assist us in this

process:

The three circles in a row are used to calculate the contribution of
three adjacent row members to the equation. If the circle labelled ij is
laid over the ijth grid point then the derivative at that point is given by
multiplying the value of the function at the i — 1, j grid point (one to
the left) by —1/2h and adding the product of the value of the function
at the i+ 1, j grid point (one to the right) by 1/2h. The number 0 in
the centre circle means that we multiply f; ; by zero because it does not
enter into the formula. This template is called a computational molecule.
The horizontal structure reflects the fact that we are evaluating along a
row. By a similar reasoning the first derivative with respect to y at the
ijth grid point is
f*x y)| _fum —fij1

Iy 2%

and this is represented by the computational molecule:

1
2k
o>

i
i}
2k

N

()

The vertical structure reflects the fact that we are evaluating up and
down a column.
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By combining such computational molecules we can construct a
composite molecule that represents the entire differential equation.
For example, the partial differential equation

D), D)

evaluated at the ijth grid point is

2 y) +b3f(x,y)lzc
ox ly i

and is represented by the central difference formula

a b
o Firri = fier) + 5 (fjer = fij-1) =

which is in turn represented by the composite computational
molecule:

So the equation 3 o (8); ) _ 48f (ax}: Y _ 0 which is represented by
the finite difference formula

6(fir1,j = fi-1,j) — 6(fij+1 — fij-1) =0
has the computational molecule ............
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OanOanOR

We now place the centre of the molecule, in turn, on each of the grid
points at which we need to find the value of f(x, y):

=

OonA —36—-48+6B+6D=0

OonB —6A—-54+6C+6E=0

onC  ............

onD  ............

OnE ............

OnF  ............
Oon A —36—-484+6B+6D=0
OonB —6A—-544+6C+6E=0
OoncC —6B—-60+60+6F=0
onD —-30-6A+6E+30=0
OnE —6D—-6B+6F+36=0
OonF —6E—-6C+54+42=0

We now have six simultaneous linear equations in six unknowns.

These can be written in matrix form as ............




528

Programme 13

0 6 0 6 0 0)\/A 84
-6 0 6 0 6 O||B 54
0 -6 0 0 0 6flc| | o

-6 0 0 0 6 Of||lD|™]| o
0 -6 0 -6 0 6||E -36
0 0 -6 0 —6 0/ \F -96

That is: Ax =b with solution x =A"'b

There are many ways to derive the inverse matrix A~!, many of them
time consuming and prone to arithmetic error. An efficient method in
terms of time and accuracy is to use a spreadsheet, provided of course
that the spreadsheet has the appropriate functionality. Here we shall
use the Microsoft Excel spreadsheet which possesses matrix functions. If
your spreadsheet does not have these functions then you are referred
to Programme 12, Matrix algebra.
If you do possess the Microsoft Excel spreadsheet then follow the
instructions in the next frame.
Next frame

1 Open your spreadsheet.

2 Place the cell highlight in cell A1 and then enter the values of
matrix A into the cells Al to F6.

3 Place the cell highlight in cell H1 and then enter the values of
matrix b into the cells H1 to Hé6.

4 Place the cell highlight in cell A8 and drag the mouse to highlight
the block of cells A8 to F13 — this is where the inverse of A is going
to go.

§ With this block of cells highlighted, type the function:
=MINVERSE(A1:F6) and then press the three keys Ctrl-
Shift-Enter together

As you type, the function is entered into cell A8 and when you

press the Ctrl-Shift-Enter keys together the block of cells A8

to F13 fills with entries. This block of cells is the inverse matrix

A7!. (Note: You must remember to press the three keys Ctrl-

Shift-Enter together. If you just press Enter it will not work.)
MINVERSE(array) is the Excel function that computes the
inverse of the square matrix denoted by array.

6 Place the cell highlight in cell H8 and drag the mouse to highlight
the block of cells H8 to H13 - this is where the solution x is going
to go.

7 With this block of cells highlighted type the function:

=MMULT(A8:F13, H8:H13) and then press the three keys
Ctrl-Shift-Enter together

MMULT (arrayl,array2) is the Excel function that multiplies
the two matrices denoted by arrayl and array2. S
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As you type, the function is entered into cell H8 and when you
press the Ctrl-Shift-Enter keys together the block of cells H8 to
H13 fills with entries. This block of cells is the product matrix
A~'b, that is, the solution matrix x.

T OW
|
®N OO ®N

These values are identical to the values found from the exact
solution which is f(x, y) =4x+ 3y + 4.

Next frame

529

Summary of procedures

The procedure to solve a first-order partial differential equation
requires a number of steps to be completed in a certain order, and
the following list describes the sequence:

1
2

Draw the domain of the function with the grid overlaid.
On the drawing enter the values of f(x, y) that can be obtained
from the boundary conditions.

Put these values in brackets so that they will be easily distinguished
from the x- and y-values on the axes.

3

43

7
8

Label the grid points at which f(x, y) is to be evaluated with
capital letters.

Construct the central difference equation that represents the
numerical approximation to the partial differential equation.
Construct the computational molecule for this equation.

Lay the centre of the molecule on each of the lettered grid points
in turn and derive a set of simultaneous linear equations — the
unknowns being represented by the letters at the grid points.
Write the simultaneous linear equations in matrix form Ax = b.
Find the inverse matrix A~! and compute the solution x = A~'b.

Now try one yourself. Just follow the procedure in order and you
should have no problems.
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Example 2

Thesolutiontoxaf((;;y)—yafg;’,y)zo, for0<x<1land0<y<1
given that

fx,0)=2

fx,1)=x+2

f(O, }’) =2

fLy)=y+2
for a mesh of 1/4 in the x-direction and 1/3 in the y-direction is:

TETO W

2:166...
2-33...
2-5
2-0833...

_2-166...
225

13/6
7/3
5/2

25/12

13/6
9/4

Because

The domain of the function f(x, y) with the overlaid grid looks as

follows:
y
@1 (®la) (L) () ("2/,)
(2) 23 A B S (8/3)
@1 P £ d ’h)
0 1, 1, 3/, 1 x
) (@3] (2) ) 2

where the numbers at the grid points in brackets are the values of
f(x, y) obtained by applying the boundary conditions and the
letters A...F represent the values of f(x, y) that we have yet to

determine.
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The central difference formulas for the two first partial derivatives
of f(x, y) are

of (x, firrj—fi1j
fgx y) - + ,Zh L — 2(fis1 — fi1) because b = 1/4
ofx, v)| _fijr1—Fij-1 _ f N
ay ii— 2k = 1-5(f,j+1 — fij-1) because k= 1/3
Therefore
oy oy _
Ve T 0 becomes ............

2(xifis1,j — Xific1,7) — 1-5ifijsr — Yifij-1) =0

Because
of (x, of (x,
LRI f%yy)zo
is written using the central difference formulas as
2xi(firr,j — fi-r,j) — 1-5Yj(fije1 — fij-1)
= 2(xifir1,j — xifi-1,7) — 15Wjifije1 — Yifij-1) =0
This has the following computational molecule:

ij

Placing the centre of the molecule, in turn, on each of the grid
points that we need to evaluate, we obtain the six simultaneous
equations:

OnA at(t9): 2@ -0 +20B+3@D=0

OnB at (3, 3): -20)A-33)(D+2(Q)C+3GE=0

OoncC at(3 3): —2@)B-3@) () +20E) +3@F=0

OnD at (g 3): —2()2) -33)A+2(E+3(3)2) =0

OnE at (3, 1): -20)D-3()B+2Q)F +3(})(2) =0

OnF at(j 3): -2QE-3(3)C+20@+330)2)=0

These six equations can be simplified as ............

1=
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OnA B/2+D=13/4
OnB -A+C+E=10/4
OnC -3B/2+F=-5/4
OnD -A/2+E/2=0
OnE -B/2-D+F=-1
OnF —C/2-3E/2=-9/2

These six simultaneous linear equations can be expressed in matrix

formas............
0 0-5 0 1 0 O A 13/4
-1 0 1 0 1 o0 B 10/4
0O -15 0 0 0 1 C| _|-5/4
-05 O 0 0O 05 0 D| ™ 0
0O -05 0 -1 0o 1 E -1
0 0O -05 0 -15 0 F -9/2
That is
Ax = b with solution x = A"'b
Inverting the matrix A we find that
A 2-166... 13/6
B 2:3... 7/3
c|_ 125 _ 5/2
D] ]20833...| | 25/12
E 2-166... 13/6
F 2:25 9/4
which is identical to the values found from the exact solution
fx,y)=xy+2
Next frame

Derivative boundary conditions

The process of solving a differential equation, either ordinary or
partial, involves using indefinite integration and each time we
integrate we produce an integration constant. For a differential
equation to have a complete solution, where all the integration
constants are evaluated, the differential equation must be accompa-
nied by a set of conditions that are sufficient to do this.

If the differential equation involves time ¢ then it is natural for these
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conditions to give values of the function and its derivatives at time
t = 0. Such conditions are known as initial conditions and we have met
these before when we studied the Laplace transform, for example.
Other conditions, like the conditions we met in the previous two
examples, are called boundary conditions because they gave the values
of the function on the boundary of the function domain. We now
consider boundary conditions in the form of derivatives normal to the
boundary and this we do in the following example.

Example 3

ox
0 <y < 1 given that the boundary conditions are

f(X,O) =f(X,1) =f(0,y)=10

ox x=1

for a mesh of size 1/3 in both the x-direction and the y-direction.
Next frame

Find the solution to 46f(x' y)+26f(8xj;y)=3’ for 0<x<1 and

The domain of f(x, y) is the square of side length 1 as shown in the

diagram:
y
101 (10) (10) (10)
L
ox
(10) 25 A i ¢ G
a0 D E F H
0 1, 2/, 1 4}3 X

(10) (10) (10) (10)

Overlaid on the function domain in the x—y plane is a mesh of grid
points. Because the boundary condition relating to the side x = 1 is in
the form of a derivative normal to the side, we extend the grid over the
boundary of the function domain by adding two additional points outside
the domain and distant 1/3 from it, as shown in the figure.

The values of f(x, y) that we can compute from the boundary
conditions alone are shown in brackets. The values of f(x, y) that we
have to determine are labelled A to F and we shall need the two
additional points G and H outside the domain of f(x, y) to do this. >
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The second part of the procedure is to find the central difference
formula that describes the differential equation:

X, firrj —fio1
We have af(ax Y) ii= +1’2h CLE 1-5(fisa,j — fi-1,)
f (x, ij+1 — fij-

f(ay V) = fl+12k 2= 15(fijn — fij1)

because both h and k =1/3

Therefore

fxy) , 0%y _
4 o +2 ay =3 becomes ............

6(fir1,j — fi-1,i) +3(fijsr — fij-1) =3

Because

43f(x; y) +26f(X, Y) =3 can be written as
ox oy

4 x 1-5(fy1,j — fi-1,j) + 2 x 1-5(fi js1 — fij—1) = 3, that is
6(fis1j —fi-rj) +3(fijr1 —fij-1) =3

This has the computational molecule

iy

We now place the centre of the molecule, in turn, on each of the grid
points that we need to evaluate:

OnA —-60+30+6B—-3E=3
OnB —-6A+304+6C—-3E=3
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OnA -60+30+6B—-3E=3
OnB -6A+30+6C-3E=3
OnC -6B+30+6G—-3F=3
OnD -60+3A+6E—-30=3
OnE -6D+3B+6F—-30=3
OnF —-6E+3C+6H-30=3

At the boundary x = 1 the boundary condition Qf((;‘T'VZ = 2 can be

x=1
written using the central difference formula as

0f(g;‘ Y)le ﬁ'+1,iz‘hfi—1,i C15(fany — firy) =2

=

which has the computational molecule:

We now place the centre of this molecule, in turn, on each of the
grid points C and F to obtain
OnC —-15B+15G=2
OonF ... .. s

OnC -15B+15G=2
OnF —15E+15H=2

We can now use these last two equations either to eliminate the points
G and H from the six equations in Frame 24 or to form an 8 x 8
system. We shall eliminate the points G and H to obtain the six
equations, with the constant on the right-hand side as

OnA 6B-3E=33

OnB —-6A+6C—-3E=-27
OonC —-3F=-35

OnD 3A+6E=93

OnE -6D+3B+6F=33
OnF 3C=25

These six simultaneous linear equations can be expressed in matrix
formas............
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0 60 0 -3 0)/4 33
606 0 -3 0||B —27
0 00 0 o -3ffc|_|-35
300 0 6 0f[D|™]| 93
0 30 -6 0 6||E 33
0 03 0 0 0)\F 25

That is
Ax = b with solution x = A~'b
Inverting the matrix A~! we find that x = ..... e

A 6777 ... 61/9
B 11-555... 104/9
c|_| 8333... 25/3
D| 7| 119444... | T | 215/18
E 12-111... 109/9
F 11-666 ... 35/3

Next frame

Second-order partial differential
equations

The most general form of a second-order partial differential equation is

2 2
i) 5+ b ol cxp T v axn L L v gixy) =0

Three types of equation are of particular interest because they feature
so prominently in engineering and science.

Elliptic equations

If b? —4ac <O the partial differential equation is called an elliptic
equation. Such equations arise out of steady-state problems as occur in
potential or flow theory. Two examples are

Poisson's equation

P o(x, % o(x,

ggizy)"' ggi,xzy)=g(xyy)
Laplace's equation
o(x,y)  Po(xy) _

a2 T gr 0

In both casesa=1, b=0 and c =1 and so b? — 4ac < —4.
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Hyperbolic equations

If b? — 4ac > O the partial differential equation is called an hyperbolic
equation. Such equations arise out of vibrational and radiative
problems as occur in wave mechanics. An example is

The wave equation

Fox,t) 1 P (x,t)

ox2 K2 Ot? .
Herea=1,b:Oandc:—ﬁandsobZ—4ac>O.

Parabolic equations

If b?2 —4ac = 0 the partial differential equation is called a parabolic
equation. Such equations arise out of transient flow problems as occur
in conduction or consolidation. An example is

The consolidation (or heat conduction) equation
(. t) _ 10¢(x,t)

ox2 Kk Ot
Herea=1, b =0 and ¢ =0 and so b — 4ac = 0.

In the equations above g, b and ¢ are constant but in the general case
they depend on x and y and so a given equation may change from one
type to another within the same domain.

Next frame

Second partial derivatives

In Frame 4 we found that for a function of a single real variable f(x)
the central difference formula approximating the second derivative
was

x—h)-2f(x)+f(x+h
(o0~ O M) =20 4 a4 1)
The second derivative at x is given as the sum of the two adjacent values less
twice the value at the point, all divided by h?.

If we apply this to a function of two real variables f(x, y) and use
fi,j = f(ih, jk) to represent the value of f(x, y) at the point (ih, jk) then
the central difference formulas for the second partial derivatives with
respect to x and y are seentobe............
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P y)| . frni =2+
|, h?

fx )| fui-1 = 2fij + fijn
| 12

Because

The second derivative at x; is given as the sum of the two adjacent
values on the jth row less twice the value at x;, all divided by the cell
width squared — h2, and so

P y)| i1 = 2fi+ finrj

w2 | h2

The second derivative at y; is given as the sum of the two adjacent
values in the jth column less twice the value at y;, all divided by the
cell height squared - k, and so

Pr )| fj-1—2fij+fiin
a2 k2

We are now ready to consider the construction of central difference
formulas for second-order partial differential equations. We shall
proceed by example.

Example 4

Given a grid with mesh size h = k = 1/3, find a numerical solution to
the equation

Freny) , Freny) _
%2 ay?

f(x,0)=f(x,1)=5—-3x
£(0,y) =9y* =9y +5 and
of (1, y)

V)~ 6

ox -

Ofor0<x<1,0<y<1, given that

x=1

The domain with the grid overlaid is ............
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14

51 @ ® @
| .o __¢
ox
()2 /, A B C - G
D E F H
3)
0 1, 2, 1 X
(%) “4) 3) )

The solution is to be evaluated at the grid points A to F — the external
grid points G and H are inserted to accommodate the derivative
boundary condition. The numbers in brackets are the values of f(x, y)
as found from the boundary conditions.

The central difference formula that represents
the partial differential equationis............

9(firrj + fojsr — 4fij + ficrj +fij-1)

Because
Prxp)| P Y| fierg = 2+ iy fijer = 2fij +fij
ot |, L9y i n k2

=9(fir1j — 2fij + firg) +9(fijr1 — 2fij + fij-1)
=9(fiur,j+ fijr1 — 4fij+ ficrj + fij-1)

From this we can construct the computational molecule for this
differential equation as ............
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If we applied this computational molecule to the grid points A to F
then the six simultaneous linear equations that result would all have a
common factor of 9 arising from the 9 in the molecule. If we divided
every equation by 9 to remove this common factor we would not
change the overall validity of the equations. So, to make the
computation simpler we divide each term in the computational
molecule by 9 and use the resulting molecule:

We now proceed as we have done before. Laying the centre of the
computational molecule on each grid point in turn gives the six
simultaneous linear equations:

AtA 3+4+B+D-4A=0
AtB ............
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AtA 3+4+B+D-4A=0
AtB A+3+C+E-4B=0
AtC B+2+4+G+F-4C=0
AtD 3+A+E+4-4D=0
AtE D+B+F+4+3—-4E=0
AtF E+C+H+2-4F=0

We now apply the derivative boundary condition at the grid points C
and F by using the computational molecule for the first partial
derivative with respect to x

of (x, ir1,j —fi-1j _ 3
M) i fti 3, py =6

This gives ............

x=1

3
5(-B+G)=—6

3
S(-E+H) =6

Because

The computational molecule for the first partial derivative with
respect to x is
ofx y)| _ —firj+firrj_3

ox 2h ) (=fi-1,j +fisr,j) because h=1/3

|ij
Applying this molecule at the boundary points C and F gives the
two equations

%(—B+G)=—650G:—4+B
%(—E+H)=—6 SOH=—-4+E

Substitution of these two equations into the first six eliminates the
grid points G and H to produce the six equations in six unknowns.

These are written in matrix formas ............

4 1 0 1 0 0)\/A -7
1 -4 1 0 1 o||B -3
0 2 -4 0 o0 1|[c|_ |2
1 0 o -4 1 o ||{D|[T]-7
0 1 0 1 -4 1]||E -3
0 0 1 0 2 -4/\F 2

which has solution ............
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28/9
7/3
8/9

28/9
7/3
8/9

OO W

Next frame

Time-dependent equations

Many physical systems have their behaviour modelled by a differential
equation. For example, a long thin metal bar of length L, insulated
along its length, has its ends maintained at a temperature of 0°C and,
at time t = 0, the temperature distribution is given by

T(x, 0) = x* — 2xL + L2

The future distribution of temperature T'(x, t) can then be found by
solving the partial differential equation (the heat equation)
&T(x, t) 18T(x, t)
ox2 Tk ot
subject to the given boundary and initial conditions. The constant

nzg is called the diffusivity constant where K is the thermal

conductivity and w is the specific heat per unit volume of the metal that
constitutes the rod. Apart from the physical considerations that set up
the equation in the first place, the dimensions of « are [L>T~!] and are
necessary to balance the dimensions on either side of the equation.

If we wished to solve the heat equation numerically as it stands then
we would need to know the value of «, and this would vary depending
upon the specific metal used for the bar. We can overcome this
problem by absorbing « using a process of dimension analysis when we
transform the equation into an equation of the form

Pf(x, 1) _Of(x, t)

ox: ot
where the variables x and ¢ are now dimensionless - they are measured
in numbers rather than units of distance and time respectively. How
this is done we shall leave to the end of the Programme. For now we
are interested in numerically solving such dimensionless equations
over a rectangular domain of width 1, and as usual we shall proceed by
example.

Next frame
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Example 5
Solve the partial differential equation
Pf(x, 1) _ of(x t)

ox2 ot
for 0 <x <1 andt >0 where
f(0,5)=1
f(x,0)=1+x and
of (x, t) —0
ox |,

We now have a change in procedure. Hitherto, the first thing we did
was to draw the domain of the function with the grid overlaid. We
could do this because we knew the step lengths in the x- and
y-directions from the beginning. Here, the first thing we must do is to
construct the finite difference formula that will represent the
differential equation because its structure will dictate the step lengths.
We can immediately write down the central difference formula for the
second derivative on the left of this equation.

Pfx 1) i1 = 2fij + fin
w2 |; h2

To use a central difference formula for the derivative with respect to t
would require a knowledge of f(x, t) for values of t < 0 and this we do
not possess. Consequently, for the derivative with respect to t we use
the forward difference formula. Do you remember this one?

of (x, t)l ~ fiiv1 —fij
ot | k

y

Because

For a function of a single real variable the forward difference
formula is given as

fx+h) —f(x)

f'x) ~——— ——— andso of(x, 1) _fijt1 —fij

a |y K

Using these two finite difference formulas we can write down the
finite difference representation of the partial differential equation.

The finite difference representationis............
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fiorj = 2fij+fivrj _fiiri —fij
h2 k

That is

k
fijrt = Fij + 55 (fivj = 26 + fia )
It can be shown that there will be no growth of rounding errors when
1
E.
In compliance with this condition we shall take h = 0-2 and k = 0-02

evaluating this equation if Ekf <

so that % = % We shall also restrict ourselves to finding solutions for ¢

ranging from O to 0-16.

The finite difference equation then reducesto............

1
fimi=5 (fim1,j + firr,j)

Because
k
fiprr = fij + 35 (fi-1,j — 2fij + fivr,7) and so

1 1
fiprr = fij + 5 (fi1j = 2 + fivr)) = 5 (fiej + fir)

Notice that this is an equation for stepping forwards in time, so that
given the solution is known at ¢ = O then the solution at ¢ = k can be
found from this equation. We can use our spreadsheet to construct the
solution from this equation. Open your spreadsheet and

1 Cell Al enter £ \ x to represent the fact that the first column will
contain the t-values and the first row the x-values.
2 Incells B1 to H1 enter the values of x from O to 1-2 in steps of 0-2.

The column headed 1-2 contains grid points outside the domain of
f(x, t) to accommodate the derivative boundary condition.

3 In cells A2 to A10 enter the values of ¢ from O to 0-16 in steps
of 0-02.

4 In cells B2 to B10 enter the value 1 to represent the boundary
condition f(0, t) = 1.

5 In cell C2 enter the formula =1+C1 to represent the initial
condition f(x, 0) = 1 + x. Copy this formula into cells D2 to G2.

6 In cell C3 enter the formula =0-5+* (B2 +D2) to represent the
finite difference equation

1
fij+1 = 3 (fi1,j + firrg)
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7 Copy the contents of cell C3 into the block of cells C3 to G10.

of (x, t)
ox
represented by the central difference formula fi;1; —fi-1,; =0, the
values of f(x, t) at the external grid points when x = 1-2 are equal to

the values at the internal grid points when x = 0-8.

=0 is
x=1

Because the derivative boundary condition

8 In cell H2 enter the formula =F2 and copy this into cells H3 to
H10 to produce the following final display:

t\x

0-0 0-2 0-4 0-6 0-8 1-0 1-2

0-00
0-02
0-04
0-06
0-08
0-10
0-12
0-14
0-16

1-00000 1-20000 1-40000 1-60000 1-80000 2-00000 | 1-80000
1-00000 1-20000 1-40000 1-60000 1-80000 1-80000 | 1-80000
1-00000 1-20000 1-40000 1-60000 1-70000 1-80000 | 1-70000
1-00000 1-20000 1-40000 1-55000 1-70000 1-70000 | 1-70000
1-00000 1-20000 1-37500 1-55000 1-62500 1-70000 | 1-62500
1-00000 1-18750 1-37500 1-50000 1-62500 1-62500 | 1-62500
1-00000 1-18750 1-34375 1-50000 1-56250 1-62500 | 1-56250
1-00000 1-17188 1-34375 1-45313 1-56250 1-56250 | 1-56250
1-00000 1-17188 1-31250 1-45313 1-50781 1-56250 | 1-50781

If the diffusion equation in Frame 40 to which this solution refers is
taken to represent the temperature distribution along a heated rod
then this tableau displays how the temperature is changing both in
time and spatially along the rod. Notice how, as the heat diffuses
through the rod, the temperature changes faster at points that are
further away from the end that is maintained at constant temperature.

Try one yourself. Next frame

Example 6
The solution of the partial differential equation
Pf(x, 1) _of(x 1)

ax2 ot
for 0 <x <1 taken in steps of h=0-2 and 0 <t <0-16 in steps of
k = 0-02 where
f(ol t) =2

f(x,0)=2+x and ?—f%i) =05

545
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t\x

0-0 0-2 0-4 0-6 0-8 1-0 1-2

0-00
0-02
0-04
0-06
0-08
0-10
0-12
0-14
0-16

2-00000 2-20000 2-40000 2-60000 2-80000 3-00000 | 3-00000
2-00000 2-20000 2-40000 2-60000 2-80000 2-90000 | 3-00000
2-00000 2-20000 2-40000 2-60000 2-75000 2-90000 |2-95000
2-00000 2-20000 2-40000 2-57500 2-75000 2-85000 | 2-95000
2-00000 2-20000 2-38750 2-57500 2-71250 2-85000 |2-91250
2-00000 2-19375 2-38750 2-55000 2-71250 2-81250 |2-91250
2-00000 2-19375 2-37188 2-55000 2-68125 2-81250 |2-88125
2-00000 2-18594 2-37188 2-52656 2-68125 2-78125 |2-88125
2-00000 2-18594 2-35625 2-52656 2-65391 2-78125 |2-85391

Be

cause

k
fijrr =fij+35 (firj — 2fij + fira,j) and so

1 1
fiprt =fij+ 5 (fimrj = 2+ firrj) = 5 (firj + Fira )

We can use our spreadsheet to construct the solution from this
equation. Open your spreadsheet and

1

2

In cell Al enter £\ x to represent the fact that the first column will
contain the t-values and the first row the x-values.
In cells B1 to H1 enter the values of x from O to 1-2 in steps of 0-2.

The column headed 1-2 contains grid points outside the domain of
f(x, t) to accommodate the derivative boundary condition.

3

4

In cells A2 to A10 enter the values of t from O to 0-16 in steps of
0-02.

In cells B2 to B10 enter the value 2 to represent the boundary
condition (0, t) = 2.

In cell C2 enter the formula =2+ C1 to represent the initial
condition f(x, 0) = 2 + x. Copy this formula into cells D2 to G2.
In cell C3 enter the formula to represent the finite difference
equation

1
fiivr =5 (i1 j + firs)

The formulais ............
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=0.5%(B2+D2)

7 Copy the contents of cell C3 into the block of cells C3 to G10.

of(x, t :
Because the derivative boundary condition -f—g):—l =035 is
x=1
represented by the central difference formula fi.1; —fi-1,; = 0-2, the
values of f(x, t) at the external grid points when x = 1-2 are equal to
The values at the internal grid points when

X=..iiii.. plus ............

x =0-8 plus 0-:2

8 In cell H2 enter the formula =F2 +0-2 and copy this into cells H3
to H10 to produce the following display:

t\x

0-0 0-2 0-4 0-6 0-8 1-0 1.2

0-00
0-02
0-04
0-06
0-08
0-10
0-12
0-14
0-16

2-00000 2-20000 2-40000 2-60000 2-80000 3-00000 | 3-00000
2-00000 2-20000 2-40000 2-60000 2-80000 2-90000 | 3-00000
2-00000 2-20000 2-40000 2-60000 2-75000 2-90000 |2-95000
2-00000 2-20000 2-40000 2-57500 2-75000 2-85000 |2-95000
2-00000 2-20000 2-38750 2-57500 2-71250 2-85000 |2-91250
2-00000 2-19375 2-38750 2-55000 2-71250 2-81250 |2-91250
2-00000 2-19375 2-37188 2-55000 2-68125 2-81250 | 2-88125
2-00000 2-18594 2-37188 2-52656 2-68125 2-78125 | 2-88125
2-00000 2-18594 2-35625 2-52656 2-65391 2-78125|2-85391

The Crank-Nicolson procedure

The forward difference formula that we used for the derivative with
respect to time is not as accurate as a central difference formula.
However, because we do not possess information about f(x, t) fort < 0
we wete forced to adopt the forward difference formula. To overcome
this the Crank-Nicolson procedure makes the assumption that the
partial differential equation is satisfied not just at the grid points but
also at points in time halfway between two grid points. That is

&f (x, 1) _of(x t)
0 ijap Ot

ij+1/2
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We can then derive a central finite difference formula for the time
derivative based on this intermediate point

of(x, t) _figm—Fj fijma—fij

ot i 2(k/2) k
Here the two grid points either side of the i, j + 1/2th point are the
i, jth and the i, j + 1th, each separated by half the grid step in the time
direction. You will note that the outcome is identical to the forward
difference taken from the i, jth grid point. However, the finite
difference formula that represents the partial differential equation
will not be the same. For the second derivative with respect to x on the
left-hand side of the equation we use a finite difference formula that is
the average of the central difference formulas for the i, jth grid point
and the i,j + 1th grid point. That is

O%f(x, t) _1 <ﬁ-1,i —2fij+fin

X i jp 2 h?

g

fi-vje1 — 2fijy1 + ﬁ+1,i+1>
hZ

The partial differential equation is then represented by the central
difference formula ............

1 (fi-1,j = 2fij + firr, . fierjir = 2fijr + firrjr i —fij
2 h2? h2 o k

That is
k
= fipr1 + 5z (v jer = 21 + fin ji1)

k
= ~fij = 57z (i1 = 2fij + fia,j)

. . . _— k
Unlike the previous case there is now no restriction on the value of I

and different choices of h and k will result in different difference

formulas. If we choose le;—z =1 this difference formula becomes

fi-rjir = 3fijrr + firrjmr = ~fivj+ fij — firnj

So we have three unknown quantities on the left-hand side of this
equation given in terms of three known quantities on the right. We
shall do an example to see exactly how this procedure operates.

Next frame
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Example 7
Use the Crank-Nicolson procedure to solve the partial differential
equation
Pf(x, ) _of(x t)
ox2 ot
for 0 <x <1 taken in steps of h=0-25 and 0 <t < 0-5 in steps of
k = 0-125 where:

FO,H=f(1,8)=0
F(x, 0) = x(1-x)

We can use our spreadsheet to construct the solution from this
equation. Open your spreadsheet and

1 Incell Al enter £\ x to represent the fact that the first column will
contain the t-values and the first row the x-values.

2 In cells B1 to F1 enter the values of x from O to 1 in steps of 0-25.

3 In cells A2 to A6 enter the values of t from O to 0-5 in steps of
0-125.

4 In cells B2 to B6 enter the value O to represent the boundary
condition f(0, t) = 0.

5§ In cells F2 to F6 enter the value 0 to represent the boundary
condition f(1, t) = 0.

6 In cell C2 enter the formula =C1#(1-C1) to represent the
boundary condition f(x, 0) = x(1 — x) and copy into cells D2 to F2.

We now want to know the values that are going to go into the block of
cells C3 to E6. We shall work on one row at a time and consider cells
C3, D3 and E3 - we shall call these values A, B and C respectively.
Applying the central difference formula for the differential equation
fivjsr = 3fijur + firrjr = —firj + fij — firrj
we find that by working along rows 2 and 3
From columns B to D: 0-3A+B=-0+0-1875—0-25, that is
—3A+ B =-0-0625

From columns C to E: A—-3B+C=-0-1875+0-25 — 0-1875,
thatis A—- 3B+ C=-0-125

From columns D to F: B—-3C+0=-0-25+0-1875 -0, that is
B —-3C = -0-0625

These equations have solution

A =0-044643, B =0-071429 and C = 0-044643

Enter these values into cells C3 to E3 respectively and repeat the
procedure to find the values in cells C4 to E4.

These are C4: ............ ,D4: oLl and E4: ............
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C4: 0-014031, D4: 0-015306 and E4: 0-014031

Because
From columns B to D: —3A + B =-0-026786
From columns C to E: A—-3B+C=-0017857
From columns D to F: B —3C=-0-026786
These equations have solution
A =0-014031, B=0-015306 and C = 0-014031

This process is repeated until all the appropriate values have been
found, giving the following display:

t\x 0-00 0-25 0-50 0-75 1-00

0-000 | 0-000000  0-187500 0-250000  0-187500  0-000000
0-125 | 0-000000  0-044643 0-071429  0-044643 0-000000
0-250 | 0-000000  0-014031 0-015306  0-014031 0-000000
0-375 | 0-000000  0-002369 0-005831 0-002369  0-000000
0-500 | 0-000000  0-001328 0-000521 0-001328 0-000000

Try one yourself.
Next frame

Example 8

Use the Crank-Nicolson procedure to solve the partial differential

equation

o°f(x, 1) _ Of(x, t)

oxz ot

for 0 <x <1 taken in steps of h=0-2 and 0 <t <0-2 in steps of
k = 0-04 where

[0, t)=2

f (1; =1

f(x,0)=2—x2

The very first thing we must do in solving
this equation numerically is ............




Numerical solutions of partial differential equations 551

Derive the finite difference equation to be used

Because

The Crank-Nicolson procedure tells us that
k
—fijr1+ 27 (ficvjor — 2fij1 + firrjs1)
k
=i~ (fivj — 2fij + fiss,j)

k
so for each different ratio 372 we have a different finite difference

formula.

Here we choose h = 0-2 and k = 0-04 so that % = —21— and the terms in
fj do not appear.

This gives the finite difference formula ............

fietjr1 = Afijrr + firrjrr = —(fivj +firn)

Because
k
—fij1 + hE (fi-v 301 = 2fi 41 + fisnj1)

k
= ~fij = 55z (fi-1,j — 20 + firn,f)

and so
1 1
i1 +5 (fienjer = 2fijer + firr ) = —fij =5 (faj — 2 + fisry)
that is

1 1

3 (evjer = 4 + fisrjra) = =5 (firj + fisn )
giving

(fi-v.jsr — 4fije1 + firjwr) = —(fim1,j + firrj)

The complete solution required is ............
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t\x

0-00 0-20 0-40 0-60 0-80 1-00

0-000
0-040
0-080
0-120
0-160
0-200

2-000000 1-960000 1-840000 1-640000 1-360000 1-000000
2-000000 1-901818 1-767273 1-567273 1-301818 1-000000
2-000000 1-870083 1-713058 1-513058 1-270083 1-000000
2-000000 1-847483 1-676875 1-476875 1-247483 1-000000
2-000000 1-832271 1-65221 1-45221 1-232271 1-000000
2-000000 1-821919 1-635467 1-435467 1-221919 1-000000

Because

Using your spreadsheet to construct the solution from this equation

1

2
3

4

5

6

In cell A1 enter #\x to represent the fact that the first column
will contain the t-values and the first row the x-values.

In cells B1 to G1 enter the values of x from 0 to 1 in steps of 0-2.
In cells A2 to A7 enter the values of t from 0 to 0-2 in steps
of 0-04.

In cells B2 to B7 enter the value 2 to represent the boundary
condition (0, t) = 2.

In cells G2 to G7 enter the value 1 to represent the boundary
condition f(1, t) = 1.

In cell C2 enter the formula =2-C1”2 to represent the
boundary condition f(x,0) = 2 — x? and copy into cells D2 to F2.

We now want to know the values that are going to go into the block of
cells C3 to F7. We shall work on one row at a time and consider cells
C3, D3, E3 and F3 - we shall call these values A, B, C and D
respectively.

Applying the central difference formula for the differential equation

fi-vjs1 — 4fiju1 + firt, i = — (ficrj + firnf)
Then by working along rows 2 and 3

From columns B to D: 2—4A+B=-2-1-6, that is
—4A +B=-5-6

From columns Cto E:  ............

From columns DtoF:  .......

From columns Eto G:  ............
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From columns BtoD: —-4A+B=-56
From columns CtoE: A-4B+C=-3-2
From columns DtoF: B—4C+D=-2-8
From columns Eto G: C—-4D =-3-4

Because

From columns B to D: 2—4A+B=-2-1-6, that is
—4A+B=-56

From columns C to E: A—4B+C=-18—-1-4, that is
A-4B+C=-32

From columns D to F: B—4C+D=-1-6—-1-2, that is
B—-4C+D=-28

From columns E to G: C—-4D+1=-1-4-1-0, that is
C—4D=-34

These equations have solution

A=............ , B=............ ,
C=............ and D=............
A =1-901818
B=1-767273
C=1-567273
D =1-301818

Enter these values into cells C3 to F3 respectively and repeat the
procedure to find the values for cells C4 to F4.
These are C4: ............ , D4 oLl ,
E4: ............ and F4: ............
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C4: 1-870083
D4: 1-713058
E4: 1-513058
F4: 1-270083

Continuing in this way we find the complete solution as:

t\x 0-00 0-20 0-40 0-60 0-80 1-00

0-000 | 2-000000 1-960000 1-840000 1-640000 1-360000 1-000000
0-040 | 2-000000 1-901818 1-767273 1-567273 1-301818 1-000000
0-080 | 2-000000 1-870083 1-713058 1-513058 1-270083 1-000000
0-120 | 2-000000 1-847483 1-676875 1-476875 1-247483 1-000000
0-160 | 2-000000 1-832271 1-65221 1-45221 1-232271 1-000000
0-200 | 2-000000 1-821919 1-635467 1-435467 1-221919 1-000000

Next frame

Dimensional analysis

The equation of Frame 39

PT(x, t) 19T(x,t)
== <x< >
o2 - forO<x<Landt>0

models the temperature distribution T(x, t) along a long thin metal
bar of length L. Solutions of this equation will produce values for the
temperature distant x along the rod (0<x <L) at time t. The
dimensions of the left- and right-hand sides of this equation due to
the derivatives are
) _ 2 2

To ensure that the dimensions of the left-hand side are the same as the
dimensions of the right-hand side we find that the dimensions of

1
— are
K

1] _ -2

] =eem
This then ensures that the equation compares quantities with the
same dimension. To solve this equation numerically would require a
knowledge of the value of k which would be different for different
problems. To avoid this we transform the equation into a dimension-
less form, so ensuring that the variables are measured in numbers and
not in any particular dimensional units. We do this as on the
following page.
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Define new dimensionless variables as: X =% (so that 0 <X <1),

t .
=2 and define

12
UX, 1) = T(x[X], t[r])
then
oT dT@_U _i_a_q and
Bt dtor L?or
oT dXoU 10U
ox  dxoX LoxX
FPT 9 oTr 010U dX182U 182U
therefore — =

ox2 _ O0xox OxLoX dxLoxz L2oX2
This means that

O’T(x,t) 1 9T(x,t
aiz’ ) - =7 ét ) becomes
10°U(X,7) 1k 0UX,7) 18UX,7)
Iz~ oxz2 kL2 or I or
PUX,7) _0U(X,T)
axz  — or
is the required equation in dimensionless form.

SO

This now completes the work for this Programme. Read through the
Revision summary that follows and then check your understanding
against the Can You? checklist. When you are satisified that you do
understand the contents of the Programme, try the Test exercises.
There are no tricks and you should find them quite straightforward.
Finally there are some Farther problems to give additional practice.

% Revision summary 13

1 Numerical approximation to derivatives of f(x)
The forward difference formula

i) < LD =0

The backward difference formula

i) o LT =R

The central dlﬁamce formulas

fl(x) ~ fx+h) z_hf x=h) neglecting terms of the order h?

neglecting terms of the order h

neglecting terms of the order h

f'(x) ~ fth) - Zf (x) +fx—h) neglecting terms of the
order 2.

\ >
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2 Functions of two real variables

If f(x, y) is single-valued, then to every domain point (x,y) there
corresponds a single range point f(x, y).

Grid values

The rectangular domain of the function is overlaid by a grid
whose mesh size is of k units in the x-direction and k units in the
y-direction. The value of f(x, y) at the ijth grid point is denoted by

fii = f(xo +ih, yo +jK)

The values of the expression f(x, y) are required to be found at the
grid points

ficrjsr fijr1 i
i-1j hi fag
ficrj-1 fij-1 fianj-1

Central difference formulas for partial derivatives
fx, Y| _ firry—fi-1y

ofx, )| _ fijr1—fij—1
ox |,  2h and ;X
Computational molecules
The partial differential equation aaf(;; Y) +bafg; ) _ c,

af(x, y)| 4p I M| _cand
x| i

evaluated at the ijth grid point, is a
is by the central difference formula
a b
0 (forj — fivj) + 2% (fijer = fij1) = ¢

which is in turn represented by the composite computational
molecule:

2h \J 2h
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5 Numerical solutions
The solutions are in the form of simultaneous linear equations
in that they can be written in matrix form as Ax =b with
solution x = A~!b. Using the Microsoft Excel spreadsheet the two
functions MINVERSE(array) and MMULT(arrayl, array2)
are employed.

6 Derivative boundary conditions
The grid is extended over the boundary of the function domain by
adding additional points outside the domain.

7 Second-order partial differential equations
The most general form of a second-order partial differential
equation is

) s+ b )+ ) 2Lk a2 et L b 07) =

Elliptic equations

If b2 — 4ac < 0 then the partial differential equation is called an
elliptic equation

Hyperbolic equations

If b2 — 4ac > 0 then the partial differential equation is called an
hyperbolic equation

Parabolic equations

If b2 — 4ac = 0 then the partial differential equation is called a
parabolic equation.

8 Second partial derivatives — central difference formulas

Pz, y) fli—2f1+f+1,1

ox2 i h2

*f (%, i1—2fi;+
and I;(;‘ZY)ii fij-1 [zl fij+1
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9

10

Time-dependent equations

To use a central difference formula for the derivative with respect
to t would require a knowledge of f(x, t) for values of t < 0 and
this we do not possess. Consequently, for the derivative with
respect to t we use the forward difference formula

of(x, t)| _ fijr1 ~fij

~

ot |j k

So the partial differential equation 62];(xx2, B _of (g{ ) becomes

k
fijsr = fij + 35 (f-1,j = 2fij + fisr,)

where it can be shown that there will be no growth of rounding
errors when evaluating this equation if

k1

h =2
The Crank-Nicolson procedure
The Crank-Nicolson procedure makes the assumption that the
partial differential equation can be satisfied at points in time
halfway between two grid points. That is

f(x, t) _of(x t)
% i1 Ot iy
This gives
of(x, t) _fiini—fij _foinn—fij
ot i 20/2) Kk
Pf(x, 1) _1 (fi—lJ —2fij+finy + fi-1,j+1 — 2fije1 + ﬁ+1,i+1)
iy 2 72 h2

So that
k
= fijs1 + 575 (ferjsr = 2fi i1 + firjn)

k
= ~fij = 5 (fo1 = 2fij + firn,j)

with no restriction on the value of Zihz
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¥4 Can You?

Checklist 13
Check this list before and after you try the end of Programme test.

On a scale of 1 to 5 how confident are you that Frames
you can: '

e Derive the finite difference formulas for the first partial
derivatives of a function of two real variables and
construct the central finite difference formula to
represent a first-order partial differential equation?

Yes ] ] J ] ] No

e Draw a rectangular grid of points overlaid on the
domain of a function of two real variables and evaluate
the function at the boundary grid points?

Yes ] ] J ] ] No

e Construct the computational molecule for a first-order
partial differential equation in two real variables and
use the molecule to evaluate the solutions to the
equation at the grid points interior to the boundary?

Yes | ] U [l | No

e Describe the solution as a set of simultaneous linear
equations and use matrices to represent them?

Y 00 0O O 0O @O No

e Invert the coefficient matrix and thereby represent the
solution to the partial differential equation as a column
matrix?

Yes ] ] [] ] ] No

e Take account of a boundary condition in the form of
the derivative normal to the boundary?

Yes L] | L] O J No

e Obtain the central finite difference formulas for the
second derivatives of a function of two real variables
and construct finite difference formulas for
second-order partial differential equations?

Yes ] J ] ] ] No
e Use the forward difference formula for the first time

derivatives in partial differential equations involving
time and distance?

Yee J O [ 0O 0[O No
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e Use the Crank-Nicolson procedure for a partial
differential equation involving a first time derivative?

Yes [0 0O 0O 0O [ No
e Appreciate the use of dimensional analysis in the

conversion of a partial differential equation modelling
a physical system into a dimensionless equation?

Yes L] L] L] L] ] No

Test exercise 13

1 Solve the following equation numerically.

Sy oy _
ox oy
for 0 < x <1 with a step length h=1/4 and 0 < y < 1 with a step
length k = 1/3 where
f(x, 0)=3X—-4, f(x, 1) =3x+1, f(O,y)=5Sy—4and f(1,y)=5y—-1

2 Solve the following equation numerically.

0 ® Y | Oy _ o

Ox oy
for 0 <x <1 with a step length 7=1/3 and 0 <y <1 with a step

length k = 1/3 where

f(x,0)=7x+5, f(x, 1)=7x—-5,f(O,y)zs_loyandafE;ZY) -7
x=1

3 Name the type of equation in each of the following.
of (x, y) _ 3, )
(@) 2 ay
®) 6f(x, y) LOfy) o y) _x
ox oxdy vy
© T _,# ey Py
ox? Oxdy a2
ot y) o y)] _x*
@ 5 [T+ 150 s
© 302f(x Y _ azg)(;yy) 821;(;62, Y _ 3y

4 Solve the following equation numerically.

=4xy

82’;(;5}’) 62f(x,y) —2for0<x<land0<y<1

with step lengths h=k=1/3 where

fn0)=f(x1)=x-2, f(O,}’)=y2—y—Zand—8f((;;y) =1

x=1
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§ Solve the following equation numerically using the forward difference
approximation for the first derivative with respect to time.

Pf(x, t)  of(x, 1)
ox2 ot
for 0 < x < 1 with a step length h = 0-2 and 0 < t < 0-2 with step length

k = 0-02 where

f(x, 0) =x2, f(0,t) = 0 and ig;—t) =025

x=1

6 Solve the following equation numerically using the Crank-Nicolson

procedure.
P t) _of(x t)
ox2 ot

for 0 < x < 1 with a steplength h = 0-2 and 0 < t < 0-2 with step length
k = 0-04 where
f(x,0)=x* —x+1and f(0,t)=f(1,t) =1

Further problems 13

1 Solve the following equation numerically.
LHEN TGN

ox
for 0 <x <1 with a step length h=1/4 and 0 <y <1 with a step
length k = 1/3 where
fx,0=x-3,fx,)=x—-1,f0,y)=2y—3and f(1,y) =2y — 2
2 Solve the following equation numerically.
fxy) ,0f(xy) _
9 o 7 oy -7
for 0 <x <1 with a step length h=1/3 and 0 <y <1 with a step
length k = 1/3 where
fx,00=7x+4,f(x,1)=7x+14, f(0, y) =10y + 4
and f(1, y) =10y + 11
3 Solve the following equation numerically.
NUiCY) Fxy) _,
Ox dy
for 0 <x <1 with a step length #=1/3 and 0 <y <1 with a step
length k = 1/3 where
[0 =x-1,f(x1)=x-2)/2,f0,y)=-1
and £(1, y) = y/(y+1) >

+@+1)
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4 Solve the following equation numerically.
of(xy) _ofxy) _
dy ox

for 0 <x <1 with a step length h=1/4 and 0 <y <1 with a step
length k = 1/3 where

f(x,0)=0, f(x, 1) =x(x~1),f(0,y)=0and f(1, y) =y(1 —y)
5 Solve the following equation numerically.

fxy) Of(xy) _
3 % 5 oy —4
for 0 <x <1 with a step length h=1/3 and 0 <y <1 with a step
length k = 1/3 where
fix,0)=7x+15, f(x, 1) =7x+20, f(0,y) =5y +15

and &N _4
ox

x% 452

x=1

6 Solve the following equation numerically.
x 4

0.

for 0 <x <1 with a step length h=1/3 and 0 <y <1 with a step
length k = 1/3 where

f(x,0) = 5x+21, f(x, 1) = 5x + 18, (0, y) =21 — 3y

and X & Y)
ox x=1

7 Solve the following equation numerically.

3f(x,}’) af(x' }’)_ 2
2x ox y oy 8x
for 0 <x <1 with a step length h=1/3and 0 <y <1 with a step
length k = 1/3 where
f(x, 0)=2x>+4,f(x, 1) =2x> —3x+4,f(0,y) =4

orxy)| _ 2,2
and——ax =4-3y

x=1
8 Solve the following equation numerically.
of (x, f (x,
y f(@ Y)+x f(ay)’)zx‘t_y‘}
for 0 <x <1 with a step length h=1/3 and 0 <y <1 with a step
length k = 1/3 where
f(x,0)=0, f(x, 1) =x(x+1)(x - 1), f(0, y) =0

orxy)| _
and == =1—}’(3‘}’2)

X
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9

10

11

12

13

Solve the following equation numerically.

Pf(x,y)  Pf(x,
zg(;zy)+ ';(;‘zy)='4

for 0 <x<1and 0 <y <1 with step lengths h = k = 1/3 where

Fx, 0) =322, f(x, 1) = 3¢* =5, (0, y) = -5 and TEN|  _ ¢

x=1
Solve the following equation numerically.

2
82’;(;‘2'}')+3’;(;‘5”)=2(x+y)

for 0 <x <1 and 0 <y <1 with step lengths h = k = 1/3 where
f(x,0)=-1,f(x, 1) =x*+3x—1,f(0,y) = -1

onrxy| _
and ~ox X=1— y2 + 4y

Solve the following equation numerically.

Pf(x, 2f (x,
);(;‘2}’)_'_3 ];(;‘ZY)=(2—xz)cosy

for 0 <x <1 and 0 <y <1 with step lengths h = k = 1/3 where

f(x, 0) =22, f(x, 1) =0-540302x2, £(0, y) = 0 and Q’:g'(—”) —2xcosy

x=1

Solve the following equation numerically.

2 2
61‘8(;2,}')_8 ’;(;‘z"’)=4(x—y)

for 0 < x <1 and 0 <y < 1 with step lengths h = k = 1/3 where
f, 0) =2 f(x, 1) = (x+ (> +1), {0, y) =*
af(x,}’) =y2+zy+3
1

and =5~

X=

Given the central difference formula

B*f(x, 1
%&y}’) =z (fi-1,-1 — firt,j-1 — fi1,j41 + firt,j41)

where the step length in both directions is k, construct the computa-
tional molecule for this formula.
Solve the equation

Prxy) _,
ox0y
for 0 <x <1 and 0 < y < 1 with step lengths h = 1/3 where

ij

f(x'o)zo'f(x:1)=X,f(0;y)=0and——-8f(x’y) =y
ox x=1 »
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14

15

16

17

Given the central difference formula

Bf(x, 1
g%a}f) =g (frvjmr = fisnjor = fiorjur + fira )
i
where the step length in both directions is h, construct the computa-
tional molecule for this formula.

Solve the equation

Ffx,y) _
“oxdy 2(x-y)
for 0 <x <1 and 0 < y < 1 with step lengths h = 1/3 where

fx,0)=0, fx, 1) = x(x— 1) (0, 7) =0and TEL  —y(z—y)

x=

Solve the following equation numerically using the forward difference
approximation for the first derivative with respect to time.
P t) _of(x t)

ox2 ot

for 0 <x <1 with a step length h =0-2 and 0 <t <0-2 with a step
length k = 0-02 where

f(x, 0)=x(x—1), f(0,t) =2t andi(ax’—t2 =1
X x=1

Solve the following equation numerically using the forward difference
approximation for the first derivative with respect to time.

Bf(x, 1) _ 1 0f(x, 1)
ox2 01 ot
for 0 <x <1 with a step length h=0-2 and 0 <t < 0-2 with a step
length k = 0-02 where

f(x, 0) =sinx, f(0,t) = 0 and X B _ g.54¢t/10
ox x=1
Solve the following equation numerically using the forward difference
approximation for the first derivative with respect to time.

Pf(x, 1) _of(x 1)

oxz ot
for 0 <x <1 with a step length h=0-2 and 0 <t < 0-2 with a step
length k = 0-02 where

f(x, 0) = 3sin(0-64x), f(0,t) =0 and % — 2.41¢-041t

x=1
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18

19

20

Solve the following equation numerically using the Crank-Nicolson
procedure.

Pre, b _ofx b
ox2 ot
for 0 <x <1 with a step length h=0-2 and 0 <t <0-6 with a step
length k = 0-04 where
f(x,00=x*>+x—1and f(0, t) =2t -1, f(1,t) =1 +2t
Solve the following equation numerically using the Crank-Nicolson
procedure.
Of(x, 1) _ 9f(x, 1)
ox2 ot
for 0 <x <1 with a step length h=0-1 and 0 <t < 0-14 with a step
length k = 0-02 where
f(x, 0) =10x(x — 1) and £(0,t) = f(1,t) = 20t
Solve the following equation numerically using the Crank-Nicolson
procedure.
Pre b _of, 1)
oxz ot

for 0 <x <1 with a step length h=0-1 and 0 <t < 0:6 with a step
length k = 0-04 where

f(x, 0) = 100sin 7x and £(0,) = f(1,£) =0
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